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The maximum principle

Thm:Consider L =-ZaijUxixs+Zbilxi. ER" open. S.C. bdd.
i=1

of (u =0 inre, caijs is p.d. and i attains its maximum

over inatan interior pt. then 2 =0.

Rak:Uniform ellipticity of 1 =>positive definiteness of laii)

MSE:dir(x) =0

=xH2, nxx +(rux> gy - zuxiyUxy

main result

Thin CC001.27):letis. In be two solutions to MSE. sps -1 is connected.

M:H2 and x.rp)
=

RIP) for some ptes, then M =H2.

firstly, given two solution's mc, U2, V =U2-2. satifies a unit.

elliptic divergence form equation.



Lemma 1.26. Ifis, in are solutions of the MSE on .M", then

v =Hz- 2, satisfies
di (aijtr)

=

0,

where the eigenvalues of matrixair:aija satisfy
0< x, ... an =t.

M is a constantdepending on the upper bounds for ixuil.

Proof:By mSE, we have

-U
dir
#R

-dirn =0

a

define F:R", RY by Fial=iai S

then

dir (F,xU) - F,xU2)) =0

FixU - FIT41) = SoF, 1x +isnz-Jn. At

=9, dF, 54, +132-34.x. 8 cuz- x) dt
=S.dF, u +tixn--ndt. cu-nis

-V

them dir,aijtrs =0.

W

For Ve$**, XeR", dFxIVS =x +x) -,

2dFxirs,v> =
wi <X.V>h

Cr1x3/
-

x +1xC"
> 0 ofVFO.

So las is positive definite. 17



Broof of thethin:

by max principle IV =0, and rips=0, then V =0. A

comitary.IfI..Is CI are completeconnected minimal hypersurfaces

St. I2 lies on one side of 2. then 2, = 22.

I also true for ICIM.9,3

Rado-Schoen Theorem, moving plane method

Firstvariationformula
It =0 20(F15.tx =-fz Ft. H T =Szdivz Ft.

Iis critical pt of area iffH=0.



Second variationformula
R

Consider the variationF:E xc-5.5) M** satifying
(1) z* = M" is minimal with trivial normal bundle

12 F,.,0) =Id

13) It has compactsuppo

14) FE=0 it is a normal variation

Then,
Itrot Fiz.t ) =

- fz Fr. LEt

I is called thestabilityoperator

L =C* +RirmMins +A

where Iis Simon's operator by

E(x) =1E,qc AIE:ET, X) AcEi. Ej A(x,y) =15xY

6 =(XE:zix)" - (T,zEis+x)
N

Proof:
letxibe local coordinateson I, and orthonormal atx

Set

Gijct) =gcExi, Fxi). VH1
=

defigists defigisos

rits=Izr,git AlgUE> Wits i =trigg's

differentientingwith yields



~"it
== vitrigtgc +Vrtrig".g +VAstrigig's

Since ggt=I, lgt= -g+gg+

at z=0, v =1, V=0, fij=Sij

rict (t
=

0 +Itr, gnss-Itr, Giagia

-trights - signs come toA =IAP ofA=
AT.

Now compute these two terms:

Lemmen:a legis =41 As...., Ft> R

& Grigio =2 / <Al:..., Ftcl +2 kFt
+2RiccFt, Ft)

+ dirzFA)

Proof:0 Gii=:Fxi, xi>

=>gij =cFtxi, xjc +cFxi, Fxxj>

N N
->
- >Ft, TExFxic - cFt, iFxi>

-- 2 <A,Exi, Exic. Et >

k R
& tr 19"ros = 2 < Fxit, Fxic +2 Z,xit, Exiti=1

firstterm: R
I: Feit,Fxic= TFTF Fxi, Fxic = #tFxFt. Fx
i
=1

-ER li. FtFt. Fx +E:FFt, Kir
[Fxi. Ft3 =0

= <R :Ti, Ft> Ft, Eic + divz FA

RIV, VII =JrJoi-JuTr2 + Tzu.rsh



to g"(0) =2< R ckxi, Ft>Fi, Fic + 2 divz FA

I
2Ft. it +2Ft. Ft

Ric (Ft, Ft>
11

= 2 tr2<R ... Ft) Ft,.>
+zdivz Ft

+2KA. .. ... FEC+2 ITFR A

Therefore. rit=-1Al..), FECI +ITI FEP - Ric (Ft. FAC +divz1FA)

detgirosBesides. AtFiz.t =Itr

them -- fzkAc...Fr +flXEF-IRecFt,Fe

=- It Ft. (Ft>

Rof:Acourse in minimal surfaces colding and Minicozzi

minimal surface Sun


